International JournalfdComputer Science Trends and Technology (£)@8Tine 6 Issue 3, Mayune 2018

RESEARCH ARTICLE OPENACCESS

RigorousOperative Boundariesonthe Hausdorff Measurementof

SustainedFraction Cantor Groups
Mrs. S.Veeralakshmi M.Sc.,M.Phil.,

Assistant Professaf Mathamatics,
Devanga Arts College, Aruppukottai
Tamil Nadui India

ABSTRACT

Cantorsetsconsistingof continuedfraction expansionsvith restricteddigits. For examplethe Hausdorffdimensionof the
setE; (of thoserealswhosecontinuedractionexpansioronly containgdigits 1 and2) canberigorouslyapproximatedwith
an accuracyof over 100 decimalplaces,using pointsof periodup to 25.Themethodfor establishingigorousdimension
boundsinvolvesthe holomorphicextensiorof mappingsassociatedo the allowedcontinuedractiondigits, anappropriate
discwhichis contractedy thesemappingsandanassociatetransferoperatomactingontheHilbert Hardy spaceof analytic
functionsonthis disc.Weintroducemethoddor rigorouslyboundingtheapproximatiomumberdor thetransferoperators,
showingthatthisleadsto effectiveestimate®ntheWe provethatthealgorithmfor approximatinghe Hausdorffdimension
of dynamicallydefined Cantorsets,using periodic points of the underlyingdynamicalsystem,can be usedto establish
completelyrigoroushigh accuracyboundson the dimension.The effectivenes®f theserigorousestimates.

Keywords: Hausdorffdimension, Continueftaction, NonlinearCantorset, Computationalgorithm, Transfepperator
Determinant

I. INTRODUCTION

For afinite subsetA ON, let Exdenotethe setof all x N

commonelementin the methods6,11,16]is the study of
atransferoperatorwhile for the higheraccuracyestimates

o _ _ [11,16] there is some element of computerassistance
(0, 1) suchthatthe digits ai(X), ax(x), ... in the continued . )
involvedin the proof.

fraction expansion In [19] we outlined a different approach to

X = [21(x),82(9),35(X),..] = ) approximatingthe Hausdorffdimensionof boundedtype

a1(X) + ax(x)+oa* a3
all belongto A. Setsof the form Es are said to be of

bounded type (see e.g. [20,23)); in particular they are
Cantorsets,and study of their Hausdorffdimensionhas

attractedsignificantattention.

E = H1, the moststudiedof these,servingasa testcase
for variousgeneralmethodsof approximatingHausdorff
dimension.Jarnik [18] showedthat dim(&) > 1/4, while
Good [15] improved this to 0.5306 < dim(E&) < 0.5320,
Bumby [6] showed that 0.5312 < dim(E) < 0.5314,
Hensley [16] showed that 0.53128049 < dim(&) <
0.53128051, while Falk & Nussbaum[11] rigorously
justified the first 8 decimaldigits of dim(E,), proving that
0.531280505981423Kdim(E) »0.531280506343388A

sets,againusingatransferoperatorput exploitingthereal
analyticity of the maps defining continued fractions to
consider the determinantcp  atfe operator, and its
approximatiorin termsof periodicpoints of anunderlying
dynamicalsystem.While somehighly accurateempirical
estimates of Hfausdorff dimension were given, for
examplea 25decimaldigit approximatiorto dim(E&,), these
were not rigorously justified. Moreover, although the
algorithm was proved to generate a sequence of
approximationss, to the Hausdorffdimension(depending
on pointsof periodup to n), with convergenceatefaster
than any exponential,the derived error bounds were
sufficiently conservativgdseeRemark 1below)thatit was
unclear whether they could be combined with the
computedapproximationgo yield any effective rigorous

estimate.
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In the current paperwe investigatethe possibility of
sharpeninghe approachof [19] so asto obtainrigorous
computerassistedestimateson dim(Ey), with particular
focus on E. There are several ingredients in this
sharpening.The first stepis to locate a disc D in the
complexplanewith the propertythattheimagesof Dunder
themappingsTn(2) = Y (z+ n), nN A, arecontainedn D. It
then turns out to be preferableto considerthe transfer
operatorasactingon a Hilbertspaceof analyticfunctions
on D, ratherthanthe Banachspaceof [19]; this facilitates
anestimateon the Taylor coefficientsof g temrmsof the
approximation numbers (or singular valueg of the
operator,which is significantly betterthan thosebounds
derivedfrom Banachspacemethods.The specificHilbert
spaceusedis Hardy space,consistingof thoseanalytic
functionson the disc which extendas L2 functionson the
boundingcircle. The contractionof D by the mappings
Ta(2 = Y(n + 2), n N A promptsthe introductionof the
contraction ratio, which capturesthe strength of this
contraction,andleadsto estimateson the convergencef

the approximationgo the Hausdorffdimension.The nth

Taylor seriescoefficientof o  cba expressedh termsof
periodicpointsof periodupto n, andfor sufficiently small
nthesecanbeevaluatedexactly,to arbitraryprecision.For
largern, we showit is advantageout® obtaintwo distinct
typesof upperboundon the Taylor coefficients:we refer
to theseas the Euler bound and the computed Taylor
bound TheEulerboundis usedfor all sufficiently largen,
while the computedTaylor bound is used for a finite
intermediaterange of n correspondingto those Taylor
coefficients which are deemedto be computationally
inaccessibleput wherethe Euler boundis insufficiently
sharp.Intrinsic to the definition of the computedTaylor
bounds is the sequenceof computed approximation
bounds which we introduceascomputationallyaccessible
upperboundsontheapproximatiomumbersf thetransfer
operator.

As an exampleof the effectivenessof the resulting
methodwe rigorouslyjustify thefirst 100decimaldigitsof
the Hausdorffdimensionof B, therebyimproving on the
rigorous estimatesin [6,11,15,16,18] Specifically, we

prove(seeTheorem }) that

dim(&) = 053128050627720514162446864736847178549305910901839

87798883978039275295356438313459181095701811852398

usingthe periodicpointsof periodup to 25.
2. Preliminaries

In this sectionwe collect a numberof results(seealso[19]) which underpinour algorithmfor approximatingHausdorff

dimension.

2.1.Continuedfractions

Let Eadenotethe setof all xV (0, 1) suchthatthe digits ai(x), ax(x), ... in the continuedfraction expansion

X = [a1(X),a2(X),as(X),...] = a1(X) + ax(x)+1a0a* 3

all belongto A. Foranyi N Nwe definethemapT by
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Ti(¥) =

i+ X
and for a given A ON, the collection{T;: i ¥ A} is referredto as the correspondingterated function system lIts limit set,
consistingof limit pointsof sequences, T T 1
Tin(0), whereeachi;N A, is preciselythe setEa.

EverysetEais invariantunderthe Gaussmap T, definedby

T =_ (mod 1)

2.2.HausdorffdimensionFor a setEOR define

H! (B = infdiam@U)* : U= {U}is an open cover &such

that each diantf) ¢ >

andsetH (B = lim.mp H' (B). The Hausdorffdimensiondim(E) is thendefinedas

dim(® = inf{t : H(B) = 0.

2.3. Pressuréormula

For acontinuousfunctionf : Eal'h s pressure H) is givenby

. 1 . N
pf) = lim —logyy ef(x)+f(Tx)+...+f(Tnb1x)6J Q,

nbtk N T %X
OxE,
andif f=bslog| T| thenwe havethefollowing implicit characterisationf the Hausdorffdimensionof Ex(seg[3,4,10,21):
Lemmal. Thefunctions MHP(bs log| T ) is strictly decreasingwith a uniquezeroat s = dim(E).

2.4. Transferoperators
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operator

ForagivenAON, ands™ R thetransfer Las definedby

Lad(2) =( Z+i)sfz+i,

iNA

preservewvariousnaturalfunction spacesfor examplethe Banachspaceof Lipschitz functionson [0, 1]. On this spacet has
a simple positive eigenvaluee™®s'e9 1) which is the unique eigenvaluewhosemodulusequalsits spectralradius, thus by
Lemma 1the Hausdorffdimensionof Eais the uniquevalues™ RsuchthatlLa shasspectraradiusequalto 1.

2.5. Determinant

Thedeterminantfor Lasis the entirefunctiondefinedfor z of sufficiently small modulus by

K Znn

Peg= 2 exbt(a) 1)

n=

andfor otherzn Cby analyticcontinuationherethetracetr(La{") is given (see[19,22) by

_1 -
T.z) o T’ (22

_ e ,
man LT Ti@D) 1= (=D Ty (z0)?

tr(Ly o) = 2

4 The power series i ftr( L2 o), and hence the expression (1), is convergent for |z| < e PTsloglT D
Twhere the poing, which
hasperiodn underT, is the uniquefixed point of then-fold compositionTi=T, T, T 1 T.
Whenactingon a suitablespaceof holomorphicfunctions,the eigenvalue®f Lasare preciselythe reciprocalsof the zeros

of its determinantln particular,the zero of minimum modulusfor g, -) is e*®*s'°81T) 5o the Hausdorffdimensionof Eais

characterisedsthevalueof ssuchthat1 is the zeroof minimummodulusof p§, ).

In fact we shall later showthat, whenLa sactson sucha spaceof holomorphicfunctions,its approximatiomnumbersdecay
at an exponentiakrate (seeCorollary 1), sothatLasbelongsto an exponentiaklass(cf. [1,2]) andis in particulara traceclass
operatorfrom which the existenceandabovepropertiesof traceanddeterminantollow (see[25]).

As outlinedin [19], this suggestshe possibility of expressingpg, s) asa powerseries
Az, 8) =1+ i On(s)
n=1 7,
thendefining D by

() :=A(Ls) =1+ du(s)
D n=1 .
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ThefunctionD is anentirefunction of s(see[19]), andsolutionss of the equation
n—1 ) (3)
havethe propertythatthevaluel is aneigenvaludor La,s in particular,the uniquezeroof D in theinterval (0, 1) is precisely
dim(E), beingthe uniquevalueof sfor which 1 is the eigenvalueof maximummodulusfor La,s
As aresultof thetraceformula(2), the coefficientst ,(s) arecomputablén termsof the periodicpointsof T| e.of periodno
greaterthann, sofor somesuitableNN N, chosensothat! 1(9), ..., 1 n(S) canbe computedto a given precisionin reasonable

time, we candefineDyby

Dn(S) := 1 + 4 4(9). (4)
n=1
A solutionto the equation

Dn(s) =0 ®)
will be anapproximatesolutionto (3), wherethe quality of this approximation willberelatedto the smallnes®f thediscarded
tail

Ln(9). (6)
n=N+1

In particular,any rigorousestimateof the closenes®f a given approximatesolutionsyof (5) to the true Hausdorffdimension
dim(E,) will requirearigorousupperboundon the modulusof thetail (6).

Remarkl. In [19] we consideredhe setE, = Ez1 5 and, althoughthe empirical estimateof its Hausdorffdimensionappeared
convincing,the estimateon thetail (6) wasnot sharpenoughto permitany effectiverigorousbound.Essentiallythe boundin
[19]

=5 2 (1-9)""=

was| 1 n(s)| Men:= CRnV2 nmDwhere T C 2 122979405533,
14

K = {gl ~ U-895247,and9 - % F 0.970984 Althoughthe boundingsequence

g,tendsto zero,anddoesso at superexponential rateO(‘ "), the considerablén-

ertiain this convergencée.g. thesequencéncreasesor 1 ¥ X39 tothevaluetsof 1.31235x 107, andremainslargerthani
until n = 85) rendersthe boundineffectivein practice,in view of the exponentiallyincreasingcomputationtime requiredto
calculatethe n(s) (asseenin this article,we canfeasiblycomputeseveralmillion periodicpoints,but performingcalculations

involving morethan 28°pointsis out of the question).

Remark 2. The specific rigorous approximationof dimensionis performedin this article only for the set & (see §6),
correspondingo the iteratedfunction systemconsistingof the mapsTi(x) = /(x + 1) andTx(X) = 1/(x + 2). In principle,
however,it canbe performedfor arbitraryiteratedfunction systemsconsistingof real analytic mapsTs, ..., Ti satisfyingthe
opensetcondition (i.e. thereexistsa non-emptyopensetU suchthatT(U)  T(U) = for i =, andTi(U) OU for all i). In this
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settingtheaccuracyof our Hausdorffdimensiorestimatedependprincipally on thecontractivityof themapsT,andthenumber
| of suchmaps,with strongercontractionanda smallervalueof | correspondindo increasedccuracy Strongercontraction(as
reflectedby smallnesof the contractionratio definedin §3.4) is associatedvith morerapid decayof the Taylor coefficients
of thedeterminantpg, s), implying greateraccuracyof the polynomialtruncationswhile for | >2 thetime requiredto locate
thepointsof periodup to nincreasedy afactorof roughly(l/ 2)"relativeto thecasd = 2 (notethatfor infinite iteratedfunction
systemsj.e.| = k , our methodis rarely applicable sinceit is usuallyimpossibleto locateall periodn pointsfor a givenn,
thoughherenon-rigorousapproximationsnay be obtainedby suitableapproximation)If the Tiarenot Mdbius maps then for
practicalpurposeghereis someminor decreasén the efficiency ofour methodthe compositionsl;aremorehighly nonlinear
thanin the Mdbius case so evaluationof their fixed pointstypically takesslightly longer.

Remark3. Work of Cusick([7,8] on continuantswith boundeddigits characterisethe

Hausdorffdimensionof E, = E{l ,,,,, 7 in termsof the abscissaof convergencef a certainDirichlet series,and Bumby [5,6]

showedhat0.5312<dim(E) <0.5314.Hensley[16] obtainedthe bound0.5312804% dim(&) <0.53128051 usingrecursive
procedureandin [17, Thm. 3]introduceda generalapproactfor approximatingthe Hausdorffdimensionof Ea, obtainingin
particularthe empiricalestimatedim(&,) = 0.5312805062772051416

3. Hilbert Hardy space approximatiomumbersapproximatiorbounds

In this sectionwe introducethe Hilbert spaceupon which the transferoperatoracts,then makethe connectionbetween
approximatiomumberdor the operatorand Taylor coefficientsof its determinant|eadingto so-called Eulerboundson these
Taylor coefficients.

3.1.Hardyspace

Let DOCbeanopendiscof radiusr, centredat c. The Hilbert Hardyspace

H¥(D) colnsists of those functions f which are holomorphic on D and such that
. 1 . J2mity |2
J SUPper o [f(et e dt < 00 1y i nerproducton H(D) is definedby (f, g) = dt, which
()] fle4re2 ) g(c + re2mit) is well-definedsinceany elementof H(D) extends
2
asanL function of the boundaryK 5Thenormof f ¥ H¥(D) will be simply writtenas f = (f, f)¥2.

An alternativecharacterisationf H(D) (seee.g.[24]) is asthe setof functionsf which areholomorphicon D andsuchthat
if my(2) = r*"(zb ¢)“for k0, then

oo

e
wherethe sequencéfEK))" «-ois squaresummableThenorm f canthenbe expresseds

s
f =0 fEK)| 2.
3.2. Approximationnumbers

Givena compactoperator. : H'hHon a Hilbert spaceH, its ith approximationnumber gL) is defined as

s(h = inf{LLK : rank) > b 1},
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sothatin particulars:(L) - L.

The following result exploits our Hilbert spacesetting, and representsan improvementover analogousBanachspace
estimatesn [19] (wheree.g. amultiplicative factor n"?reduceghe quality of the boundon | 1 n(3)| ).

Lemmaz2. If Las: H¥(D) MH(D), then the nth Taylorcoefficient! ,(s) of its determinantcan be boundedby

sl Y T1
|

1< i ".i=13j(|_A,S). (7)

n

Proof. If{<n(s)} is the eigenvaluesequencdor La s orderedby decreasingnodulusandcountingalgebraicmultiplicities, then

(seee.g.[25, Lem. 3.3) we have

in(s) = 0 <(9),
i1<..<ifl
and

n n

Y el Y10

| <o i =1 i< i si(Lag

i=1

by [14, Cor. VI.2.6] sotheresultfollows.

In view of thelink betweerHausdorffdimensiorerror estimategndthetail (6), togethemwith the boundingof termsin this
tail by sumsof productsof approximationrnumbersprovidedby Lemma 2 it will be importantto establishupperboundson
the Taylor coefficientst y(s) for thosen whereit is not computationallyfeasibleto evaluateexactlyvia periodic points.We
shallderivetwo distincttypesof suchupperbound,which we referto asEulerboundsandcomputedTaylorbounds Thereis
an Eulerboundon 1 (s) for eachn, given asa simpleclosedform; this boundwill be usedfor all sufficiently large valuesof
n, thoughfor low valuesof n maybetoo conservativdor our purposesThefinitely manycomputedTaylor boundswill beon
the Taylor coefficientst p4(S), ..., 1 o(S) wherePis the largestintegerfor which we locateall periodP points,andQis chosen
sothatthe Eulerboundson | 4 n(s)| aresufficiently sharpwhenn > Q In view of Lemma 2 the computedTaylor boundswill
be derived by first boundingthe finitely many approximationnumberss;(La9, ..., Sn(Lag, for someN ~ N, by explicitly
computablequantitiesthat we call computed approximationbounds The computationsrequiredto derivethe computed
approximatiorboundsarenot onerousthe maintask beinghe evaluationof numericalintegralsdefining certainH norms(of
the transfeoperatorimagesof a chosemrthonormabasis).

We shall approximatela sby first projectingH*(D) onto the spaceof polynomialsup to a givendegreelLet Las: H(D) h
H(D) be a transferoperatorwhereD OCis anopendisc of radius centredat ¢, and{my* «=ois the correspondingrthonormal

basisof monomialsgivenby

mk(2) ="(zb o)k. (8)
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3.3. Approximationbounds

Definition 1. For n 1, definethe nth approximationd 2 dzyi(E) tobe

Mn(s) = Lagmk)
Propositionl. Foreachn x1, 9

Si(lag X n(s). (10)

Proof. Forf ¥ H(D) we canwrite
k=n1

oC

footome
wherethe sequencéfEK))" «-ois squaresummableDefinetherank(n b 1) projection

Y : H(D) MHX(D) by
nb2
Yn(f) = fFEKM,
k=0
wherein particulard; 0.

Thetransferoperatorlasis approximatedy therank(n t 1) operators

(n)
Las:= Laddn,

and Lasb La & canbe estimatedisingthe Cauchy Schwarzinequalityasfollows:

K K
¥ o= f (mg)|l <
(LA,sB La,9) EK)LAS| fEkm LA,s(mk)
k=nb1 k=nb1
, La{mk) 2v2 | EK)| 2v2f
k=nbl k=nbl
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)3 e

=n—1

XK Admk) f,

andtherefore La,sb La,d )'iK -1 Lagmk) 2Y2=hn(s). Sincelad” hasrankn b 1, it follows thats,(La 9 ' n(S), asrequired.

3.4. Contractionratios
Let G: HY(D) MHA(D) bethe compositionoperator
Gf=f T.

The estimatearising in the following lemma motivatesour definition below (seeDefinition 2) of the contractionratio
associatedo a disc D andsubsetA ON.

Lemma3. LetD andDbe concentricdiscs,with radii and respectivelylf, for i ¥ A, the image Ti(D) is containedin D, then

for all k0,

G(mi) X . (11)

Proof. Letc denotethe commoncentreof thediscsD, D. If zN Dthen

|G(mi)(2)] = 0¥ Ti(2) — c* < 07"()" = (¢ /0

so G (mk) =<(0'/e) ¥ asrequired.

Foreachi N A sV R if theopendiscDis suchthathbi N/ D thendefinethe weight function ws: DIy by

1 2sWis(2) = -
z+i

andthe multiplication operator Ws: H(D) MH(D) by

Wi = wisf .

We may write
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LA,s: Wi,sG,

iNA
sothat
(m)ll <> (mi) <>

Las icA WisG icAWisk G(mk),

andif jis suchthatTi(D) is containedn the concentricdisc D, of radiusithen
Lemma 3impliesthat

UBESS

Las €A Wisk (i/)k. (12)

For our purposest will be moreconveniento work with a slightly simpler(andlesssharp)versionof (12). This prompts
thefollowing definition:

Definition 2. Let A ONbefinite, andD OCan opendiscof radius suchthat naT,(D) OD. Let Dbethe smallestdisc, concentric

with D, suchthat* nAT,(D) OD, andlet denotetheradiusof D. The correspondingontractionratio h = ha pis definedto be
h= hA,D= _. (13)

Lemmad4. LetA ONbe finite, and D anadmissibledisc,with contractionratio h = hap

Forall k0,

Ladmue) |l Shkica wis, . (14)
Proof. If Dis asin Definition 2then = max«a;in the notationof (12), andthe resultfollows from (12). O

Corollary 1. LetA ONbe finite, and D anadmissibledisc,with contractionratio h = hap Forall n x1,

Sh(Lag X n(s) " (15)
where
K= —igptes ™ (16)
h 1—h?
Proof. Now
K 2U2

Mn(S) = Ls(m)
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k=nb1

from Definition 1andProposition 1soLemma 4gives

Z Z K % 12 hnb1

=n—1 icA
hn(S) )HQ Wi,s g =Klbh2 T Wisg ,

kivA

andtheresultfollows.

3.5. Eulerbounds
We cannow derivethe Eulerboundon the nth Taylor coefficientof the determinant:

Proposition2. Let A ON be finite, and D anadmissibledisc,with contractionratio h =

hap If the transferoperator La,shasdeterminantdet( bzla,9= 1+ 07 5n(8)z“, then for all n 1,

Sp(8)] < —5 Knhn(n+1y2]| . 17) =2

Proof. ByLemma 2

| ir<...<in j=15,(LA9),

soCorollary 1gives

[4{n(sp Ko his+... +in,

i1<...<j
andtheresultfollows by repeatedyeometricsummation(asfirst notedby Euler[9,

Ch. 16).

Henceforthwe usethe notation

E(r);=__ nbi)=1 Fiz+.. +in, (18)

i=1(1 r i<.<h
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sothat(17) canbe written as In(n+1y2

9
lo(n KIE(H), (19)

andwe definethe righthandside of (19) (or equivalentlyof (17)) to be the Eulerboundon the nth Taylor coefficientof the
determinant.
4. Computedapproximatiorbounds

Forall n 1, thenth approximatiorbound

Mn(s) = Lagmy)

k=nb1

is, asnotedin Proposition 1anupperboundon the nth approximatiomumbers,(La..
Eachmis just a normalisednonomial(8), andthe operatona sis availablein closedform, sothat
L(T,(Z) b C)k (fnk)(z) = Z

i€A
AsHzZ +i)2s,

andwe may usenumericalintegrationto computeesachHardy norm La{my) as

2

1
L | —— (TC@®)bo*
) J | ¢

e

ALMK) =k(* () +i)2s dt, (20)

where! (t) =c+e? A1
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canEvaluatiorboundthis of by h then(s )suminvolvesof an exactlythetail computedsum¥ - long* w=1n Lefiniteas L

Assummk()m %) and?qusing 1in L practicea.{14)m. More) wez, for someN n, andarigorousupperboundon precisely,

we havethe following definition:

Definition 3. Givenn, NN N, with n KN, definethe lower and uppercomputedapproximationbounds h nne(S) andh n n+(S),

respectivelypy
v2
N
M onk(s) = Lagmi) ? o (21)
k=nb1
and
2 v2
hagv+1)
& 2 b 6o
N n,N#(S) = nNg(S) + Wi,s 1 h . (22)

iNA
Evidently the lower computedapproximationboundh ,ni(S) is a lower boundfor h(s), in view of the positivity of the

summands$n (9) and(21), while Lemma Sbelowestablisheshatthe uppercomputedapproximatiorboundh  n+(S) is anupper

bound

forgiven h nby(s ).finite Moreover,sumsand, both ash already,n+(s )noted,and hthen,N, summandgs) are readily Laq

mcomputable) > arecomputablghey are

to arbitraryprecision.

Lemmab. LetsN R Forall n, NN N, with n XN,

P n,NB(S) W n(S) W n,N+(S). (23)

Proof. Theinequalityh n ns(S) X n(S) is immediatefrom the definitions. To provethath n(s) X nn-+(S) notethat

N 2 K 2

() = Lagmy) + Ladmy) ,

k=nbl k=N+1

which togethemwith (14) gives
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2(N+1)
2 2 h

ha(®) XK admi) + Wisg 1t he,

k=nb1 iNA

andtheresultfollows.

Remark4. The upperboundn,n:(s) will be usedin the sequel,as a tool in providing rigorous estimateson Hausdorff
dimension.In practiceN will be chosenso thatthe valuesh ,ni(s) andh n+(S) are closeenoughtogetherthat the inequality
(23) determined o(s) with precisionfar higherthanthat of the desiredHausdorffdimensionestimatejn particular,N will be

suchthatthe differenceh o n+(s) b nnb(S) = O(hVY) is extremelysmallrelativeto the sizeof  n(s).

Combining(15) with (23) immediatelygivesthe exponentiabound
h o nb(S) M for alln N , (24)
thoughthe analogousoundfor h n+(S) (Whichwill be moreusefulto usin the sequel)equiressomeextracare:
Lemmab. LetsN R Forall n, NN N, with n XN,

N n,N#(S) MKS(L + havzen))v2hn . (25)
Proof. Combining24) with (22) gives

2 u2
iEZA )i@’—”z habn+1) OO nN+(S) (Ksh
) twisg 1 h2 ,
but (16) gives
2
inal b whi k = Kseh2,
S0

12

hnN#(S) »iKshn)Z + Ke2ha(n+2) ,

andtheresultfollows.
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Theutility of (25) stemsfrom thefactthatin practiceNbt nwill belarge,andthatfor sufficiently smallvaluesof nthe

following moredirectanalogueof (24) canbeused: Corollary. LetsN R SupposeN, QN N, with Q XN. If

12
J=JoNs=Ksl +hene2bQ) (26)

then

M (8) XA for all 1 X Q. (@7

Proof. Immediatérom Lemma 6

Remark5. In practiceQwill be of somemodestsize,dictatedby the computationatesourcest our disposal;specifically, it

will be choserslightly largerthanthelargestPN Nfor whichit is feasibleto computeall periodicpointsof period P (e.g. in
86, whenestimatingthe dimensionof the setE = E1 2}, we explicitly computeall periodicpointsup to periodP= 25, andin

the proof of Theorem Iwe chooseQ = 28). The value N will be choserto be significantly largerthanQ (e.g. inthe proof of

Theorem dwe chooseN = 600).SinceN +2 bQis large, hN*2Qwill be extremelysmall,andJ= L n.will be extremelycloseto

Ks, ideallythis closenesgensureshatthetwo constantsh n andKsareindistinguishableo the choserlevel of working precision
(e.g. intheproofof Theorem IN+ 2L Q=574 anch £ 0.511284 soh™?QF 5,9 x 1(P1%8, whereasomputationsreperformed
to 150 decimaldigit precision).

5. ComputedTaylor bounds

In orderto usethe computedapproximationboundsto provide a rigorousupperboundon the Taylor coefficientsof the
determinantdet( bzla.g, we now fix a further naturalnumberM, satisfyingM XN. For any suchM, it is conveniento define
the sequenceh M +(S))¥ n=1to be the onewhosenth termequalsh ,n4+(S) until n = M, andwhosesubsequentermsaregiven

by the exponentialipperboundon s,(La,9 andh x(s) (cf. (15)):
Mh N4 (S) for 1> Xa  2N#(B) :=Khnfor n > M ,(28)

This allows usto makethe following definition:

Definition 4. Let sN R Forn, M, NN Nwith n XM X\, the Taylord 2 dzyig +(s) is definedby

n
i nNM +(9) =10 MiviNA(S), (29)
i<..<ifl

wherethe sumis overthosei = (iy, ..., in) N N'which satisfyi; < b< ... <.

aM
As the namesuggeststhe Taylor bound-‘ij& (‘5) boundsthe nth Taylorcoefficientof thedeterminantet( b zlag = 1 +
n' =14 n(S)Z™:
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Lemma7. LetsN R Forn, M, NN Nwith n XXM >XN,

[4n(u T M +(9). (30)
Proof. Combining15), (23) and(28) gives
S(lag XKnnM () for all 1K VI XKN ,

andcombiningthis with Lemma 2gives(30). O

M
Notethatfjw.N,Jr(S) is preciselythe nth powerseriescoefficientfor the infinite product

. ) . > M -

a computationallyaccessiblepproximationto i ,n™ (). We expectthati nnM+(s) is i=1 (1 + Q%N-+(S)“), andthatthe sum
in (29)is aninfinite one;thuswe will seek

well approximatedy the nth powerseriescoefficientfor the finite product™i=1(1 + M inM+(9)2) = Mi=1(1 + Min+(9)2), namely

thevaluei ,nM*.(s) definedasfollows:

aM,—
Definition 5. Let s R Forn, M, NN Nwith n XM X\, theIowercomputedTaonrboundi‘in‘.N.+(‘9) is definedas

n

J;}ff\_Jr (s):= Z H Qi N+ (s) . (3D)

1€ <in <M j=1
Remark6.

(i) Thefactthati ,y\MP.(s) is definedin termsof uppercomputedapproximatiorboundsh ; n+(S), togethemwith thefiniteness
of the sum(andproduct)in (31), ensureghati , \M*.(S) canbe computed(to arbitrary precision). (ii) Clearlyan equivalent

definition of i ,y\ME4(9) is
aM,—
‘zjn,i.\".—}— (S) =
i< <in <M j=1N i Na(9). (32)

aM,—

Thelower computedTaylor boundﬁra«.r\’.+(5) is obviouslysmallerthanthe Taylor boundi n M .(s), thoughin view of (30)
we requirean upper computedTaylorbound(introducedin Definition 6 below) thatis largerthani ,nM .(s). The following
result estimatesthe dif1‘erenceJ M +(9) t nnMPi(s), and subsequently(see Definition 6) providesthe inspiration for the

definition of the uppercomputedTaylor bound:

Lemmas8. LetsN R GivenQ, M, NN Nwith Q XM XN, and J= L n definedby

(26),
nbl
(s) — M (s) < M () RM OB,y (R) Mn
i v ; LA i andfor alll K. (33)
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Proof. Letn be suchthat 1 X XQ. Thesetln:={i = (i, ..., in) ¥ N": i1 < ... </} canbe partitionedasIn= "= In®, wherethe 15
aredefinedby

n(l) ugﬁ_: (i114,...,hnn) N Innn: M < in 1} 1+1 g:ll_:foll i1 54 A0
JAr1=n.

F

=Ui=(,...0N:iXM<i }

U= (i ,...,0) ¥ 120 XK}

Define

GRS 3 |

ie i = M (9) for each OK >,

sothatin particular

I nNMnH)(S) =1 n,NMB+(S). (34)
With this notation,andsinceln= "= In!), we canexpress nn" «(s) as

=> Ha,, ot B (s)
i n,N,M icT, j=1 1=0 . (35)
Combining(34) and(35) gives

nbl M,

inNM  +(5) bl nNMB+(S) = 1 nN#(9). (36)

1=0

. . M . )
In orderto boundeachi () (s) in (36) we usethe fact that i ~.+ (%) <JHfor all

u (1
n N, +( ) - Z HCX Z
ieTlV iz
1 X XQ (seeCorollary 2 to obtain

n |

i,N+ Han i,N+ M (S) Jwthi+.+ihm (), (37)
=1

andintroducing’ = (1, ..., ‘mbl) N bt with i= "+ M for 1 XK b |, we canre-expresgherighthandsideof (37) to obtain

I o8 | >

)< JT?T* . I(”j . ~ L 2 . LA
Ba N, o+ i€y Mi Ot QoL (b + W OQ) |

h i ,N,+(S)h
o =1
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andtherefore

M.,(1 n—Il gM,— n—l1
BARY (s) < T BN () B By (h) (38)

Now combining(36) and(38) givesthe requiredbound(33). O

Remark?. In practicethel = nt 1 termontherighthandsideof (33) tendsto bethedominantone,asM is choserargeenough

sothathMis extremelysmall.

N

oM ,+ .
Definition 6. LetsN R Forn, Q,M, "N Nwith n )kQ)I{V| N, definethe uppercomputedTaonrboundﬁ-r»~N.+("’) by

nb1l
I nNM#+(S) :=1 nN,Mp+(S) + J.N,sl I 1,8, Mp+(S) Ml Bnti(h).
=0

From Lemma 8it thenfollows that the uppercomputedTaylor boundi ,sM*.(s) is indeedlarger thanthe Taylor bound
]
n,N,’vI +(S):

N

Corollary3. Lets™ R If Q,M, Nv Nwith @ 1 >N, then

M+ (8) = Bui+(5)  forai1 Ho Q.

Proof. Immediatdrom Lemma 8and Definition 6.

Finally, we deducethatthe nth Taylor coefficient! ,(s) of the determinantdet( t zLa,g canbe boundedn modulusby the

uppercomputedTaylor boundi ,y\™*.(S) (a quantitywe cancomputeto arbitraryprecision):

Ny Nwith QKM N, then

- aM,
5a(3)] < B (9)

Proposition3. Lets™ R If Q, M,

for all 1 X XQ.

. aM,+
Proof.Lemma 7gives| 1 n(s)| X nnM+(s), andCorollary 3givesi nnM +(s) < «‘3?1,N«+("’), sotheresultfollows.

Remark8. In 86, for the computationsn the proof of Theorem 1we chooseN = 600,M = 400,andQ = 28, usingProposition
3 to obtainthe upperboundon | L x(s)| for P+ 1 = 26 X X8, havingexplicitly evaluated (s) for 1 X X5 usingperiodic
pointsof periodupto P= 25.

ISSN:2347-8578 www.ijcstjournal.org Pagel61



http://www.ijcstjournal.org/

International JournalfdComputer Science Trends and Technology (£)28Tdne 6 Issue 3, Mayune 2018

6. The Hausdorffdimensionof &

Herewe considerthe setk, correspondingo the choiceA = {1, 2}. We shall suppresshe setA from our notation,writing
Lsinsteadof Las

Theapproximatiorsyto dim(E), basedn periodicpointsof periodupto N, is thezero(in theinterval (0, 1)) of thefunction
Dndefinedby (4); theseapproximationsaretabulatedn Table 1for 18 X X5. We notethatthe 24thand25thapproximations
to dim(&) sharethe first 129 decimaldigits

0.5312805062772051416244686473684717854930591090183987798883978039
2752953564383134591810957018118523988042805724307518763342238933%b catglof convergencelives

confidencethatthefirst 139 digits

0.531280506277205141624468647368471785493059109018398779888397803927529
5356438313459181095701811852398804280572430751876334223893394808223090

of sysarein fact correctdigits of dim(E).

It turnsout thatwe canrigorouslyjustify aroundthreequartersof thesedecimaldigits, proving thatthe first 100 digits are

correct.In fact we proveslightly morethanthat, by settings®to bethevalue
Table 1

Approximationssnf dim(E p2).; eachsnis a zero of a truncationDn (formed using only periodic points of period ) of the function

n Sn
18 0.531280506277205141624468647368471785493059109018398779888397803927529535645
596972005085668529391352118806494054592120629038239974478243258576620540205
19 0.531280506277205141624468647368471785493059109018398779888397803927529535643
831345931151408384198942403518425963034455124305471103063941900681921725781
20 0.531280506277205141624468647368471785493059109018398779888397803927529535643
8313459181095701444586603287266737112934351614056377793361034907544181115
21 0.531280506277205141624468647368471785493059109018398779888397803927529535643
831345918109570181185239840988322512589524907498366765561230541095944497891
22 0.531280506277205141624468647368471785493059109018398779888397803927529535643
831345918109570181185239880428057259226147992212780800516214656456345194120
23 0.531280506277205141624468647368471785493059109018398779888397803927529535643
8313459181095701815839880428057243075187635944921448427780108909724612227
24 0.531280506277205141624468647368471785493059109018398779888397803927529535643
831345918109570181185239880428057243075187633422389339330546198723829886067
25 0.53128050627720514162446864736847 1B3559109018398779888397803927529535643

831345918109570181185239880428057243075187633422389339480822309014454563836
$=0531280506277205141624468647368471785493059109018398

77988839780392752953564383134591810957018118523987

andsettings' = s°+ 2/10'°'to bethevalue

$"=0531280506277205141624468647368471785493059109018398
77988839780392752953564383134591810957018118523989

We thenclaim:
Theoreml. TheHausdorffdimensionof Eliesin the interval (s, s).

Proof. Wewill showthatD(s") andD(s") takeoppositesigns,anddeducehatdim(E), asthe zeroof D, lies betweers®ands'.
Let D OCbethe opendisc centredat ¢, of radius, wherecis the largestreal root of the polynomial
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128"+ 76&°+ 1296&°L 19*L 1764%L 108%+ 81 L 216,

sothatct 0.758687144013554292899790137015621955739402945444266741967051997&80d 009

=bK L5(39)c+ 60+ 52+ 13+ 4c*

2c

1.0~

-1.0-

Fig. 1. Innerdisc D(dashed)containsimagesTi(D), Tz(D) of the outerdisc D, in the rigorousbound on the dimensionof E.

sothat
£ 0.957589818521375342814351002388265920293251603461349541441037951859499
Therelation(39) ensureghatTi(cb) andT2 (c+ 0) areequidistanfrom c, andthis

commondistances denotecby = T11(¢ — ¢) — ¢ = ¢ —Th(c + 0), sothat(Fig. 1)

£0.48960063348666271539624547964205669003751747416510762619582637319401

The specificchoiceof cis to ensurehatthe contractionratio h =/ is minimised,taking the value

h=_F0.51128429314616176482942956363790038479511374855036

304746799036536341

Having computedhe pointsof periodup to P= 25 wecanform thefunctionss 'yt () for 1 Xn X5, andevaluateheseat
s=¢*(cf. Table ) to give

25

Das(s) = 1 + 4 o(s") = (b1.5846058107879916172862916438FC 10°1°1< 0,
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n=1
(40)

andats=s"to give
Table 2

1Exact+ n—1 n{ ) (to 1 thes givere, for precision)E transferTaylor operatorcoefficientsLswith + s, (=s)s*for. the determinant detf zLs) =

—4.,893556025044534292717368610780157833682056735012684894922 x 1017
—5.651862783135703772626682291328447783083215443130743201938 x 10721

11 2.479739513988220884083251961840541108885795134827792410316 1027
12

4.136401121594147971038636851634368411897631129671577551043 1030
13 ar

—2.624756973891155869061345045877184074663200387233753736326 x 10~ 3°

—6.338941892590978104708773275720546500369680606966992807613 x 10 .
15 5.828730628244270965574851653454290059269126664657684771853 1047
16

2.0412791622459730982610896G83937621906304968188235420213343 1052
17 .

—2.723457305394335826243564087510129051800792696839009712149 x 107

—1.384617032922521104261197591114142447361756695512763047462 x 1()_67
19 2.682974662699446094806576747549474738085235119849542148518 10770
20

1.981785501971166402977117745705012463041957402980929807212 10~ %
21

—5.581047861819085366787152065083481128824923252068053906083 x 1072

5.99310412272224270828369069621010481279832938275818217131 10101

— >x<
23 2.45423524572073669786403014748119272764064394193220008396 > 10~ ''°
24 3.83313875710563588641117264949062942911961150094959790393 > 10~ '2°
25 —2.28353558134974299687217160340929697313195978714612008350 > 10~ '3
n Sn(s)

0 1.00000000000000000000000000000000000000000000000000000000000000000

1 —0.76853713973783664059555880616494947204728086574720496608180647371
2 —0.26021976366093635437716029700462536967772836185911363417403187305
3 0.02765000991360418692432023659242068499500195127534488833324814033

4 0.00112374639478016294259719123593672797015144554465624446191255585

5 —0.0000167586893262829053963800867331298214048355450207764533921201
6 -8
x

X

10
14
18

22 8
—9.4420708961650542507455077292536505589082088322403413391248 x 10
7 2.002631154264594909155061001947400470978400350528119075400 10710
.608231764929372179126081732895703844557686618425008678027 10~
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25

Dag(s") = 1 + 4 o(S") = (1L45451408249847527147843845176% 10°101> 0,

n=1
(41)

We now aim to showthatthe approximatiorD_sis closeenoughto D for (40) and(41)to imply, respectivelythe negativity
of D(s?) andthe positivity of D(s"). In other

theindividual Taylor coefficientst n(s), for n %26 =P+ 1. It will turn outthatfor words,we seekto boundthetalil 26l
(s), andthis will be achievedby bounding
n 29 thecruderEulerboundon (s) is sufficient,while for 26 X X8 wewill usethe Taylor boundsdescribedn §5. More

precisely for P+1 = 26 X X8 = Qwe will usethe uppercomputedTaylor bound nnM*.(s) for suitableM, NN N.
Henceforthlet Q = 28, M = 400,N = 600 (sathatin particularQ XM >\, aswasassumedhroughout85) andconsiderthe

cases=¢.

Table 3

H(D) norms®- radius(mk) for ExtransferoperatorLswith s = S, and disc D centredat ¢ F0.758687,0f ¢ &= 0.95755Y.

k L s(mx)

1.0270790783376427840070677716704413443556765790531396305598028764891
0.3937848239109563523505359783093188356154137707117445532439663747781
0.1714591180108060752265529053281347472947978460219396035391070667691
0.0784792797693053045975192814445601433860119013766718128894674834037
0.0368985150737907248938351875080596507139356576758391651885254166051
0.0176517923866933707140642945427091399723431868286590018130953901715
0.0085477463829669713632455215487177327086334690252589671713112735110
0.0041762395195693491669377402131475622078401074275749884365926135321
0.0020541561464629266556123666395075007822413063382433235450055746854
0.0010155981305058227350650668511905652569101368771929481102954501965
0.0005041555520431887383182315523421205104649185947907910778866174462

=1 U W= O

= QO
<

Wefirst evaluatehe H(D) normsof themonomialimagesLs(my) for 0 X XN = 600.Thesenormsaredecreasingn k; Table

3 containsthefirst few evaluationsfor O N%( XKLO, while for k= 600 wehave

_a _ R2N+Y 351
Ls(Meog) = N =600, so B2 < 8.8 x 10777

2(N+1)

(2.2976072982510235089861876049457)8 10°176.

an(s) = ( :Q:n 1 H‘CS(”’-’L‘)”Q) Z

Usingthesenorms Ls(my) we thenevaluatefor 1 X1 XM = 400, the uppercomputed ™ '™ deimal gapproximation
B, (8) = BN 1 (8) = 150 TGN, Bok 4 (5) WM By (R by
bounds <n < , so in fact the upper and lower computed Taylor
h LN+ (S) =N ngoa+(S) defined(cf. (22)) by
N 22 anw v2
0 X
2 h b h n,N,+(S) =0 Ls(mk) + Wi,sk 1

h2Q
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k=nbl i=1

Theseboundsaredecreasingn n; Table 4containsthefirst few evaluationsfor
1 X XKLO, while for n = 400 wehave

h 100600:(9) = (38068267807448256980663147230727p% 1147,

The uppercomputedapproximationboundsh s0q+(S) arethenusedto form the uppercomputedTaylor bounds n,N,m#++(S)

=1 n,N,Mp+(S) + ni=ob1 ,N,sisl ] LN,MB+(S) hm(nbl) X

Ewi(h), where
Table 4

UppeiN = 600 computed,and disc approximationD centredat cboundsf 0.758687" , , of+( sradius) for E oftransfer0957589.operatolswith s = &,

=

o N+ (8)

1.1168188427493689387528468664326403365355467885350235197794937054219
0.4386261441833328551532057324432712062653963332311641747430735557039
0.1932004317245564565674981131652477003552483794394786484356380783895
0.0890403148551906045843926762042532922519090868320365095369073804490
0.0420616252230294091406255836554145185951240978356520620177902539293
0.0201910847096391145836053749493573987118330733550628154025906529456
0.0098027612073790924969564942497359805350512687186310168243371528657
0.0047989747927418270016992324939068507919767494168737399281723990294
0.0023641452020886181354412370986078224447913391845724242369671517436
0.0011703098147530048368486863035363234141272479119157896271724328508

00 ~1 O U = W=

[

aM,— N 2400,— N 2 : I I
e"-an.N,-Q—(‘c’) - ﬁn,ﬁ[]ﬂ&»(“’) - h iJ,GOO,+(S),
i 1< iy €400 =1

which for 26 X X8 = Qare

I8N +(s) = (7.0935010683530957339350457686786431427508 x  10P1% b N+ +(9)

(7.0379118021870691622913562125699156503586 X 1061225 28N (9

(3.5360715444914082167026977943200738452867L0*11°, soin particularProposition Jgives

28 28

M4 1—103
Y1) € >0 Puials) ST 107 . (42)
=26 n=26

n

It remainsto derivethe Eulerboundson the Taylor coefficientst n(s) for n %29. Fors >0, thefunctionswy ((z) = 1/ (z+ 1)

andwz«(2) = 1/ (z+ 2¢*havemaximummoduluson Dwhenz=cb, so

WiskK — ]-/(1- +c— Q)Qs and W2,sK — ]-/(2 +c— Q)Qs . (43)

A computatiorusing(43) gives
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Wisk XKL.2657276413750668025007241047661655434034644495987711959332997
(44)

and

Wosk MD.5351507690357290789991731014616306223833750046974228167 585536

Table 5
Euler boundsKyE,(h) (on the nth Taylor coefficient of the determinantfor the Extransferoperatorls) with s = <.

n Kenn(h)

26 1.720540291872847947104233878955471176332694074046600%

52 9.5978010692386084808038394023982841330869065861 2368

23 2.7374178149475409889017405110336480634671227914 KBHH

" g; 3.99183777994755881466354490158985770995109966395GE#°
2.9762343823082368598861129710186576846587589089 1GHFS’

thus 1.13455048461533633012909107026609019251 75680936 9200525

2.211276104496105402944501365002379392554065222342807 10134

Wisk +Wzsk 2KL.8008784104107958814998972062277961657868394542961940127

(46)

andthereforek,= (115l + [[w2.sllo0) /(RV1 = h?) is boundedby
KsXK4.098460062897625162727128104751085223751087056801141844 (47)

Now |1 n(9)] MG"Ey(h), andwe readily compute(seealsoTable § that
K?Bxg(h) <3.991837779947558 10°1%9,

K05s0(h) <2.97623438230823% 10°117,

andwe easilybound

<« « KaE(h x 1100,  (48)

n )<4 10
Combining(48) with (42) gives,for s= &,
K x  b1o3. (49)

1(9 <72 10

n=26
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Combining(49) with (40) thengives

(s7)=1+ ié,,(r) <0
n=1 .

D (50)

It remainsto showthat D(s") is positive.In view of (41), for thisit is sufficientto showthat | n R

1n(9)] <10 fors=s". In fact the strongerinequality (49) (which we haveprovedfor s = s*) canalsobe establishedor s = st

usingthe samegeneralmethod as fos = &, since the intermediagomputedvaluesfor the norms Ls(my) ,
Table 6

AM,+
Upperanddisc computedD centredTaylor at ¢ Fbound50758687"j-,N,+ (3, of radius) for E f20transfer957589.operatorLswith s = s>, M = 400, N= 600,

n BT ()
1.00000000000000000000000000000000000000000000000000000000000000000000000000
1.91923648979580300318951635180234393004884374850026688921303476745864277943
1.09811675194206604762230704346732795997751970929683510044470721043734001309
0.24618999584155235513565815243210418520583365378089116293710254687241434795
0.02398559740297469793182812221795461172137513819594467292073150805628420238
0.00106919598571977874103212434018320434942648472790810029433803585219678501
6 0.00002245831360965568426299680358374853210939596804716334173441483413901923

b =

o

8712.1092419528871585130899796268449651654078217715387698682639501376708264201946237596243066250671661206430715256913 BURESIUID 88, s

*x10

91(23..663650269994059350891751457108890432732071400321264474469330002798155171165530321941301909639176345854820087927 7 BERATRKE1238
1010 k215

111215..8524322314269856772422567493946604245242819737386559036246983381564105940190297011577631371749996604060557196843 TEREBRIA 1474
101Q ts22

131475..8850518995858884357734233435523795069885484889166476351584188500507471002335628444595000483836B386861732638504210303895 751
101Q e3o

151617
233..0990412527436325520509046274195163389403763633112646966583784600748479030570921979736737778978712757759374110698 I>EHE3BEIHREI089

4324076706218217237457399781979149805745571582305 20411010, tassosa

18 1.64366878900436174219493921506326818335365886930213023410806660 4797

2319202221
13248...6843465746568341541510197458746914119430902120347576008583309033798383995843523454691293304071440206644844196008 SE530BIATIGHD
50240502108388267147023530201090565539028681218644935862981151902788848814775315279240429533354895270568993999194IEBIBELEHN 2708946

654088755584271948814171026148918306248580861%101(10101& b bsbeb748067

24 9.3429021062031975899838759839115586201690686680609856085682408 1288

252627
377...6191082372222862280532796987724940152657935657038553727302707091620935010683530957339350457686786431427508202134

870691622913562125699156503586396928059674745M933XX><.I.01(]_0109 516311195

<[

121233151 0% 1§ £33

021
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28 3.536071544491408216702697794320073845286782285771076310182364%48619

computed approximation bounds h,n+(S), computed
Taylor bounds nnM*.(s), and Euler boundsk"E,(h), are

sufficiently closeto thosefor s = = s 2/ 1002,

Combining (41) with inequality (49) for s = s* givesthe
requiredpositivity

(51)
The maps MD(s) is continuousandincreasingsothe
fact that D(s) <0 < D(s") implies that its unique zero

(which is equal to the dimension) is contained in

Remark9. If, asin Theorem 1 our aim is to rigorously
justify 100decimalplacesof the computedapproximation
spto the Hausdorff dimension,then roughly speakingP
should

smaller than 107 for s F sp. Since|44(9)| is bounded
above by the upper computedbe chosenso that the
modulus of the tail ) can be shown to be
somewhat

Taylor bound ), the fact that i »M n* +(s) < 7.1

x10P1%%(seeTable § for suitablylargeM,N, togethemwith
the rapid decay (as a function of n) of thesebounds,
suggestshatwe may chooseP = 25, i.e. thatit sufficesto
explicitly locatethe periodicpointsof period 5.

The choiceof the value Qis relatively unimportant,as
the uppercomputedTaylor boundsareonly slightly more
time consumingto compute than the (instantaneously
computable)Euler bounds;in the proof of Theorem lwe
chose Q such that the Euler bounds KE\(h) were
substantiallysmallerthan 10>1°°for n > Q(our choiceQ =
28 hasthis property,asdoesany largerQ, andindeedthe
choiceQ = 27 mayalsobefeasiblecf. Table 5.

The valuesM andN are chosenlargeenoughto ensure

that the bound (7) on |1,(s)| is renderedessentiallyas
sharpaspossibleusingour method(seeProposition ) of
bounding approximation numbers by approximation
bounds;equally,the valuesM andN areof coursechosen

small enoughto allow thei ,nyM*.(s) to be evaluatedin
reasonabléime.
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